Introduction
Standard Laguerre-Gaussian (LG) beams are commonly encountered in laser optics, material processing and atomic optics [1] . Such beams were paid enormous attention during the past decades, and various aspects relating to their generation, propagation and applications were profoundly treated in the literature . A standard LG beam can be generated by spatial light modulators [2] , mode selection [3] , cooperative frequency locking in a helium-neon laser [4, 5] , in fiber-coupled laser diode end-pumped lasers [6, 7] , through the conversion of Hermite-Gaussian beams by an astigmatic mode coverter [8] , or through the computer hologram [9] . Standard LG beams have found wide applications in free space optical communications [10, 11] , atom trapping [12] , atom guiding [13] , atom interferometers [14] , electron acceleration [15] and nanoparticles trapping [16] . Paraxial and non-paraxial propagation properties of standard LG beams have been studied in details [17] [18] [19] [20] [21] [22] [23] [24] [25] Standard Hermite-Gaussian (HG) and LG modes are eigenmodes of the paraxial wave equation. The Gaussian part of the standard HG or LG modes has a complex argument, but the Hermite or Laguerre part is purely real. Siegman was the first to introduce new HG solutions named elegant HG modes that satisfy the paraxial wave equation but have a more symmetrical form [26] . Later, Takenaka et al. proposed the elegant LG beam as an extension of standard LG beam [27] [28] [29] . Relationship between elegant LG and Bessel-Gauss beams was studied in [30] . Elegant LG beams were also proposed as a tool for describing axisymmetric flattened Gaussian beams [31] . Paraxial and non-paraxial propagation of elegant LG beams have been carried out in [32] [33] [34] [35] [36] [37] .
Coherence is one important properties of a laser beam. Laser beams with low coherence named partially coherent beams have advantages over coherent beam in many applications, such as free-space optical communication [38] , inertial confinement fusion [39] , harmonic generation [40, 41] , optical trapping [42] , optical projection [43] , photography [44] , optical imaging [45] [46] [47] .
In the past decades, most research on partially coherent beams is devoted to Gaussian Schell-model beams whose intensity distribution and degree of coherence are Gaussian functions. Recently, more and more attention is being paid to Schell-model beams with special profiles [42, [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] , such as partially coherent Hermite-Gaussian beams, partially coherent dark hollow beams, partially coherent flat-topped beams, partially coherent vortex beams, partially coherent cosh-Gaussian, cos-Gaussian and cosine-Gaussian beam, partially coherent Laguerre-Gaussian (0,1) beams, due to their important potential applications in various fields, including free-space optical communication, optical trapping and singular optics.
Several attempts were previously made in the literature to extend the coherent LG beams to stochastic domain. Ponamorenko [58] used the LG modes for construction, by means of the coherent mode decomposition [59] , of the partially coherent fields carrying separable vortexes. This has led to the class of stochastic fields with the degree of coherence in a form of a modified Bessel function. Later this class of beams was further generalized to dark and anti-dark beams with a degree of coherence being a linear combination of Bessel and modified Bessel beams [60] .
An alternative way of obtaining a class of partially coherent beams on the basis of the LG modes is to assume that the cross-spectral density function has the Gaussian Schell-model form [59] , in which the intensity part is based on the LG modes but the degree of coherence can be chosen simply Gaussian. To our knowledge, only few papers were dedicated to beams belonging to this class, e.g [61] [62] [63] . These studies, however, were aimed at investigating issues like dynamics of optical singularities and of radial polarization and discussed only particular representatives of this rich beam class. No studies were performed so far on partially coherent elegant LG beams.
To our knowledge, up to now, partially coherent standard or elegant LG beam of all orders has not been formulated. Thus it is of practical importance to formulate partially standard or elegant LG beam of all orders and study its propagation properties. Partially coherent vortex beams [61, 62] and partially coherent LG(0,1) beams [63] can be regarded as special cases of partially coherent LG beams. Recent research has shown that partially coherent beams with special profiles have advantages over corresponding coherent beams for reducing turbulenceinduced intensity fading in laser communication systems [50, 52, [55] [56] [57] 62] , and for optical trapping [42] . We expect to apply partially coherent standard or elegant LG beam of all orders to free-space optical communication and optical trapping.
The goal of this paper is to establish the unified theoretical model for both standard and elegant stochastic LG beams of all orders (with LG intensity distribution and Gaussian degree of coherence). The paper is organized as follows. We will first derive the formulas for the cross-spectral density function of the new class of beams in the source plane and in a transverse plane after passing through a linear optical ABCD system (Section 2). We will then carefully study, via numerous examples, the free-space propagation of standard and elegant partially coherent LG beams, which is just a particular case of the general passage of a beam through the ABCD system (Section 3). Finally, the summary of our results will be given (Section 4).
Theory
Let us begin by recalling that the electric field of a standard or elegant LG beam in the plane of the source, z = 0, is expressed as follows 2 2 2 
We will now extend standard and elegant LG beams to the partially coherent case. The second-order statistical properties of a partially coherent beam are generally characterized by the cross-spectral density *  1  1  2  2  1  1  2  2 , , , ; , ; , ; W x y x y z E x y z E x y z , where denotes the ensemble average and "*" is the complex conjugate [59] . The intensity distribution, of a partially coherent beam at any position (x, y) in plane z, z t 0, can be determined from the relation , ; ( , , , ; ) I x y z W x y x y z . For a partially coherent beam generated by a Schell-model source (at z = 0), the cross-spectral density can be expressed in the following well-known form [59] 
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Under the condition of g V o f , Eq. (7) reduces to the expression for a coherent standard or elegant LG beam. Under the condition of 0 p and 0 l , Eq. (7) reduces to the expression for a partially coherent Gaussian Schell-model beam [65] [66] [67] [68] [69] [70] . By transforming Eq.
(1) into Eq. (3) with the help of Eq. (2) and expressing the cross-spectral density of a partially coherent standard or elegant LG beam of all orders in the form of Eq. (7) in the Cartesian coordinates, we can obtain analytical propagation formula for the cross-spectral density and analytical expression for the effective beam size of a partially coherent standard or elegant LG beam in an easy way as shown later. In the cylindrical coordinates, it is very difficult for us to obtain analytical propagation formula of a partially coherent standard or elegant LG beam. Now we study the propagation of beams generated by a partially coherent standard or elegant LG source (7) through a paraxial ABCD optical system. Within the validity of the paraxial approximation, the propagation of the cross-spectral density of a partially coherent beam through an aligned ABCD optical system in free space can be studied with the help of the following generalized Collins formula [49, 71] Substituting from Eq. (7) into Eq. (8), we obtain the formula 1  1  2  2  4 2  2  0  0  0  0   2  2  1  2  1  2  1  2  2  2  2  0  0  0   1 
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Substituting from Eq. (19) into Eq. (10), we calculate in Fig. 1 O . One finds from Fig. 1 that the propagation properties of a partially coherent LG beam are very different from those of a coherent standard LG beam. For a coherent standard LG beam, its initial source beam profile remains invariant on propagation although its beam spot increases, the result being in good aggreement with previous results of . For a partially coherent LG beam, its propagation properties are closely related to its initial degree of coherence. The initial source beam profile of a partially coherent standard LG beam does not remain invariant on propagation, but gradually disappears on propagation and eventually takes a Gaussian shape. As the initial degree of coherence decreases, the transition from a standard LG beam into a Gaussian beam occurs sooner and the beam spreads more rapidly. O . We find from Fig. 2 that the propagation properties of an elegant LG beam are also largely determined by its initial degree of coherence. The beam profile of a coherent elegant LG beam transforms into a dark hollow beam profile in the far field, as expected [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . Similar to a partially coherent standard LG beam, the beam profile of a partially coherent elegant LG beam also gradually disappears on propagation and eventually takes a Gaussian shape. As the initial coherence decreases, the conversion from an elegant LG beam into a Gaussian beam occurs more quickly and the beam spreads more rapidly. From Figs. 1 and 2 , one comes to the conclusion that by degrading the coherence of a standard or elegant LG beam it possible to perform beam shaping in the far field. To learn about the spreading properties of the partially coherent standard and elegant LG beams on propagation in free space, we calculate in Fig. 3 
